Several trilinear interactions of higher spin fields involving two equal (s = s 1 = s 2 ) and one higher even (s 3 ≥ 2s) spin are presented. Interactions are constructed on the Lagrangian level using Noether's procedure together with the corresponding next to free level fields of the gauge transformations. In certain cases when the number of derivatives in the transformation is 2s − 1 the interactions lead to the currents constructed from the generalization of the gravitational Bell-Robinson tensors. In other cases when the number of derivatives in the transformation is more than 2s−1 we obtain the finite tower of interactions with smaller even spins less than s 3 in full agreement with our previous results for the interaction of the higher even spins field with a conformal scalar [1, 2] .
Introduction
The construction of interacting higher spin gauge field theories (HSF) has always been considered an important task during the last thirty years (See [3] - [10] and ref. there * ). The complications and difficulties which accompany any serious attempt to solve the essential problems in this area always attracted interest but activity intensified after discovering the important role HSF plays in AdS/CF T correspondence. Particular attention caused the holographic duality between the O(N) sigma model in three dimensional space and HSF gauge theory living in the four dimensional space with negative constant curvature [11] . This case of holography is singled out by the existence of two conformal points of the boundary theory and the possibility to describe them by the same HSF gauge theory with the help of spontaneously breaking of higher spin gauge symmetry and mass generation by a corresponding Higgs mechanism. All these complicated physical tasks necessitate quantum loop calculations for HSF field theory [12] - [18] and therefore information about manifest, off-shell and Lagrangian formulation of possible interactions for HSF. Then after successful calculations on the quantum level the construction can be controlled by comparison with the boundary O(N) model results checking the AdS/CF T correspondence conjecture on the loop level [12] , [13] , [15] .
In this article we continue the construction of possible couplings including different higher spin fields which was started in our previous articles about couplings including HSF and scalar fields [1, 2, 12] and that are important for the Higgs mechanism mentioned above. Here we turn to the trilinear interaction between HSF gauge fields of different spins (s-s-s') in a flat background but the results can be easily generalized to the AdS background. The first three sections are devoted to the development of the idea: how we can apply higher spin gauge symmetry of a spin "s" gauge field to the field with a spin lower than "s". Then getting in this way information about the first order gauge transformation, we can handle Noether's procedure applying this first order transformation to the zero order free Lagrangian and integrating this variation to a first order trilinear interaction. Starting from the construction of the spins 1-1-2 and 1-1-4, we discover in this simple case the same phenomenon as in the previously investigated scalar case [1, 2] , namely the appearance of the couplings with all even spins lower than the initial maximal higher spin gauge field involved in the interaction vertex (Section 2). Then we generalize the construction to the more complicated 2-2-4 and then to 2-2-6 where the previously constructed 2-2-4 interaction again appears automatically (Section 3). The next section starts from the description of a technique for working with the HSF fields in Fronsdal's [19] formulation and deWit-Friedman curvatures [20, 21] . In the same section we succeed with the construction of the interaction Lagrangian of spin type s-s-2s together with the first order higher spin gauge transformation.
2 Exercises on spin one field couplings with the higher spin gauge fields
We start this section constructing the well known interaction of the electromagnetic field A µ in flat D dimensional space-time with the linearized spin two field. Hereby we illustrate how Noether's procedure regulates the relation between gauge symmetries of different spin fields. The standard free Lagrangian of the electromagnetic field is
1)
To construct the interaction we propose a possible form for the action of the spin two linearized gauge symmetry
on the spin one gauge field A µ (x). Then Noether's procedure fixes this coupling (1-1-2 interaction) of the electromagnetic field with linearized gravity correcting when necessary the proposed transformation. We start from the following general ansatz for a gauge variation of A µ with respect to a spin 2 gauge transformation with vector parameter ε
Then we apply this variation (2.4) to (2.1) and after some algebra neglecting total derivatives we obtain †
(2.6) † From now on we will never make a difference between a variation of the Lagrangians or the actions discarding all total derivative terms and admitting partial integration if necessary. For compactness we introduce also shortened notations for divergences of the tensorial symmetry parameters ǫ µν...
Then we have to compensate (or integrate) this variation using the gauge variation of the spin 2 field (2.3) and its trace δ 0 ε h (2)µ µ = 2ε (1) . We see immediately that the last line in (2.6) is irrelevant but can be dropped by choice of the free constant C = 1. With this choice we have instead of (2.4)
so that our spin two transformation now is manifestly gauge invariant with respect to the spin one gauge invariance 8) and our spin one gauge invariant free action (2.1) keeps this property also after spin two gauge variation. Namely (2.6) now can be written as
This variation can be compensated introducing the following 2-1-1 interaction
where
is the well known energy-momentum tensor for the electromagnetic field. Thus we solved Noether's equation
µν ) = 0 (2.12) in this approximation completely, defining a first order transformation and interaction term at the same time. Finally note that the corrected Noether's procedure spin two transformation of the spin one field (2.7) can be written as a combination of the usual reparametrization for the contravariant vector A µ (x) (non invariant with respect to (2.8)) and spin one gauge transformation with the special field dependent choice of the parameter σ(
A symmetry algebra of these transformations can be understood from the commutator
So we see that the algebra of transformations (2.13) close on the field dependent gauge transformation (2.8) with parameter σ(x) = ε ρ η λ F ρλ (x). Now we turn to the first nontrivial case of the vector field interaction with a spin four gauge field with the following zero order spin four gauge variation
where we have a symmetric and traceless gauge parameter ǫ µνλ to construct a gauge variation for A µ . In this case we first present final result and then explain details of the derivation.
The solution of the corresponding Noether's equation
µν , h
after field redefinitions is the linearized Lagrangian for the coupling of the electromagnetic field to the spin four and spin two fields
where the current Ψ (2) µν is the same energy-momentum tensor (2.10) and
The whole action
is invariant with respect to the spin one gauge transformations and the following higher spin transformations
Therefore we have to prove that like the previously investigated scalar-higher spin coupling case [2] , the interaction with the spin four gauge field leads to the additional interaction with the lower even spin two field. To do that according to the previous lesson we start from a spin one gauge invariant ansatz for the spin four transformation of A µ field
Thus we have now the following variation of L 0
After some algebra, again neglecting total derivatives and using the Bianchi identity for F µν
and taking into account the important relation
we arrive at the following form of the variation convenient for our analysis
Returning to the gauge variation of the spin four field (2.16) we notice that all terms in the first line of (2.28) and the first two terms in the second line can be integrated to the interaction terms. The last term in the second line is proportional to the free field equations but is not integrable, so we can cancel this term only by changing the initial variation of A µ (2.24). The modified form of (2.24) is
But the two terms in the second line are proportional to the equation of motion for the initial Lagrangian (2.1), hence they are not physical and can be removed by the following field redefinition
So we can drop the second line of (2.30).
Another novelty in (2.30) in comparison with the previous case is the third line of (2.28). Comparing with (2.9) we see that we can integrate these two terms introducing an additional spin two field coupling and compensate the first and third line introducing the linearized Lagrangian (2.18) for the coupling of the electromagnetic field to the spin four and spin two fields with the set of higher spin field transformations (2.21)-(2.23).
Therefore we proved that the interaction with the spin four gauge field leads to the additional interaction with the lower even spin two field.
Generalization to the 2-2-4 and 2-2-6 interactions
In this section we turn to the spin two field as a lower spin field in the construction of the higher spin gauge invariant interactions with spin 4 and spin 6 gauge potentials. And again we want to keep manifest the lower spin two gauge invariance. So proceeding similarly as in the previous section we start from the free spin two Pauli-Fierz Lagrangian [22] L 0 (h
1) and try to solve the following Noether's equations, either
Again we present first the final result for the 2-2-4 gauge invariant interaction
with the following gauge transformations
The final result for the 2-2-6 case correspondingly looks like
This formula together with the corrected gauge transformation 
introduced by de Witt and Freedman for higher spin gauge fields together with the higher spin generalization of the Christoffel symbols [20] . This symmetrized curvature is more convenient for the construction of an interaction with symmetric tensors. The corresponding Ricci tensor (Fronsdal operator for higher spin generalization) and scalar can be defined in the usual manner using traces
In terms of these objects the Bianchi identities can be written as
So to prove (3.4)-(3.6) we introduce the following starting ansatz for the spin four transformation of the spin two field
Then a variation of (3.1) with respect to (3.4) is
To integrate it and solve the equation (3.2) we submit to the following strategy: 1) First we perform a partial integration and use the Bianchi identity (3.16) to lift the variation to a curvature square term.
2) Then we make a partial integration again and rearrange indices using (3.12) and (3.15) to extract an integrable part.
3) Symmetrizing expressions in this way we classify terms as
• integrable
• integrable and subjected to field redefinition (proportional to the free field equation of motion)
• non integrable but reducible by deformation of the initial ansatz for the gauge transformation (again proportional to the free field equation of motion)
Then if no other terms remain we can construct our interaction together with the corrected first order transformation. Following this strategy after some fight with formulas we win the battle obtaining the following expression
So we see immediately that in (3.20) only the last term of the second line is not integrable but proportional to the equation of motion and can be dropped by the correction (3.5) to the initial gauge transformation (3.18). Other terms of (3.20) can be integrated to
On the other hand taking into account (3.22) and (3.23) we can compensate Ψ (4) (F ) and the last term in (3.24) by the following field redefinition
Thus after field redefinition we arrive at the 2-2-4 gauge invariant interaction (3.4) with the gauge transformations (3.5), (3.6). Now in possession of knowledge about the 2-2-4 interaction we start to construct the most nontrivial interaction in this article between spin 2 and spin 6 gauge fields (3.7)-(3.10). We would like to check the appearance of the 2-2-4 coupling during the construction of 2-2-6 which we expect from the analogy with the scalar case considered in [1, 2] and the 1-1-4 case considered in the previous section.
To proceed we have to solve the following initial Noether's equation
αβλρσδ ) = 0, (3.26) with a starting ansatz for the spin 6 first order gauge transformation for the spin 2 field: (3.27) and the standard zero order gauge transformation for the spin 6 gauge field
First of all we have to transform the variation
into a form convenient for integration. Following the same strategy as before in the 2-2-4 case, using many times partial integration and Bianchi identities (3.12), (3.15)-(3.17), we obtain after tedious but straightforward calculations
where 
The second line in (3.31) is not integrable and therefore can be cancelled by the following deformation of the initial ansatz for the transformation (3.27)
Then substituting into (3.34) ∂ (λ ǫ αβδµν) with
and correspondingly 2ǫ
and 2ǫ
αβ (3) with their traces, we can integrate the first and third line of (3.31) to
Now we define a field redefinition for h
using which we can drop the last term in (3.36).
Thus we arrive at the promised result that the 2-2-6 interaction automatically includes also the 2-2-4 interaction constructed above, and the corresponding trilinear interaction Lagrangian is (3.7). This formula together with the corrected gauge transformations (3.8)-(3.10) solves completely Noether's equation (3.3) .
Finally note that these interactions should reproduce the flat space limit of the Fradkin-Vasiliev type nonlinear interactions [4] constructed in an AdS background. For some other vertices i.e. 2-s-s and 1-s-s with additional nonabelian symmetry such construction and connection with Fradkin-Vasiliev formalism can be found in [9] , where authors used BRST-cohomological approach.
2s-s-s interaction Lagrangian
The most elegant and convenient way of handling symmetric tensors such as h 
In this way we obtain a homogeneous polynomial in the vector a µ of degree s. In this formalism the symmetrized gradient, trace and divergence are ‡ Grad :
The gauge variation of a spin s field is We will use the deWit-Freedman curvature and Cristoffel symbols [20, 21] . We contract them with the degree s tensorial power of one tangential vector a µ in the first set of s indices and with a similar tensorial power of another tangential vector b ν in its second set. The deWit-Freedman curvature and n-th Cristoffel symbol are then written as
(4.11) ‡ To distinguish easily between "a" and "z" spaces we introduce for space-time derivatives ∂ ∂z µ the notation ∇ µ and as before we will admit integration everywhere where it is necessary (we work with a Lagrangian as with an action) and therefore we will neglect all space-time total derivatives when making a partial integration
Next we introduce the notation * a , * b for a contraction in the symmetric spaces of indices a or b
(4.12)
All required manipulations in the framework of this formalism are discussed in the Appendix of this paper. Here we will only present Fronsdal's Lagrangian in terms of these conventions:
where F (s) (z; a) is so called Fronsdal tensor
To obtain the equation of motion we vary (4.13) and obtain
Zero order gauge invariance can be checked easily by substitution of (4.5) into this variation and use of the duality relation (A.5) and identity (A.29) taking into account tracelessness of the gauge parameter (4.6). Now we turn to the generalization of Noether's procedure of the 2-2-4 case to the general s-s-2s interaction construction. Noether's equation in this case looks like
And we would like to show that the solution of the latter is (with generalized Bell-Robinson current [3] )
To prove this we must propose a first order variation of the spin s field with respect to a spin 2s gauge transformation. Remembering that Fronsdal's higher spin gauge potential is double traceless, we must make sure that the same holds for the variation. Expanding the general variation in powers of a 2 δh (s) (a) = δh 
(1) (a), (4.20) reduces our variation (4.15) to
Then we propose the following spin 2s transformation of the spin s potential
is operator dual to
with respect to the * a,b contraction product. Taking into account (A.22) and Bianchi identities (A.28) we get 
Then using a secondary Bianchi identity (A.27) and a primary one (A.6) one can show that
Putting all together we see that the integrated first order interaction Lagrangian (4.17) supplemented with transformation (4.22) for h (s) (a) and the standard zero order transformations for h (2s) (a) completely solves Noether's equation (4.16) . Note that here just as in the 2-2-4 case we did not obtain an interaction with lower spins because all derivatives included in the ansatz were used for the lifting to the second curvature.
Conclusions
We presented interaction Lagrangians for triplets of higher spin fields, a pair of which has equal spin s 1 whereas the third has even spin s 2 ≥ 2s 1 . Besides the Lagrangians the next-to-leading order of the gauge transformations is given. The fields of smaller spins appear combined into currents of the Bell-Robinson form [3] . Remarkable is that for one such spin s 2 the interaction implies the existence of a whole ladder of interactions for smaller spins s 2 − 2n ≥ 2s 1 . play an important role for the construction of the interaction Lagrangian.
